Siegel varieties are locally symmetric varieties. They are important and interesting in algebraic geometry and number theory. We construct a canonical Hodge bundle on a Siegel variety so that the holomorphic tangent bundle can be embedded into the Hodge bundle; we obtain that the canonical Bergman metric on a Siegel variety is same as the induced Hodge metric and we describe asymptotic behavior of this unique Kähler-Einstein metric explicitly; depending on these properties and the uniformitarian of Kähler-Einstein manifold, we study extensions of the tangent bundle over any smooth toroidal compactification (Theorem 1.4, Theorem 1.5 and Theorem 1.9 in Section 1). We apply these results of Hodge bundles, together with Siegel cusp modular forms, to study general type for Siegel varieties (Theorem 2.10 in Section 2).
We begin by establishing the basic notation. Notation.
Throughout this paper, g is an integer more than two. In this paper, we fix a real vector space V R of dimensional 2g and fix a standard symplectic form ψ = 0 −I g I g 0 on V R . For any non-degenerate skew-symmetric bilinear form ψ on V R , it is known that there is an element T ∈ GL(V R ) such that t T ψT = ψ. We also fix a symplectic basis {e i } 1≤i≤2g of the standard symplectic space (V R , ψ) such that (0.0.1) ψ(e i , e g+i ) = −1 for 1 ≤ i ≤ g, and ψ(e i , e j ) = 0 for |j − i| = g.
• Denote by V Z := ⊕ 1≤i≤2g Ze i , then V R = V Z ⊗ Z R and V Z is a standard lattice in V R . In this paper, we fix the lattice V Z and fix the rational space V Q := V Z ⊗ Z Q.
• For any Z-algebra R, we define V R := V Z ⊗ Z R and we write (0.0.2) Sp(g, R) := {h ∈ GL(V R ) | ψ(hu, hv) = ψ(u, v) for all u, v ∈ V R }.
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Since det M = ±1 for all M ∈ Sp(g, Z), Sp(g, Z) is a subgroup of Sp(g, Q).
• Denote congruent groups by (0.0.3) Γ g (1) := Sp(g, Z), Γ g (n) := {γ ∈ Sp(g, Z) | γ ≡ I 2g mod n} ∀n ≥ 2.
Obviously, each Γ g (n) is a normal subgroup of Sp(g, Z) with finite index. For convenience, we write Γ g for Γ g (1).
• A subgroup Γ ⊂ Sp(g, Q) is said to be arithmetic if ρ(Γ) is commensurable with ρ(Sp(g, Q))∩ GL(n, Z) for some embedding ρ : Sp(g, Q)
֒→ − − → GL(n, Q). By a result of Borel, a subgroup Γ ⊂ Sp(g, Q) arithmetic if and only if ρ ′ (Γ) is commensurable with ρ ′ (Sp(g, Q)) ∩ GL(n ′ , Z)
for every embedding ρ ′ : Sp(g, Q)
֒→ − − → GL(n ′ ). We note that a subgroup Γ ⊂ Sp(g, Z) is arithmetic if and only if [Sp(g, Z) : Γ] < ∞.
• Let k ′ be a subfield of C. An automorphism α of a k ′ -vector space is defined to be neat (or torsion free) if its eigenvalues in C generate a torsion free subgroup of C. An element h ∈ Sp(g, Q) is said to be neat(or torsion free) if ρ(h) is neat for one faithful representation ρ of Sp(g, Q). A subgroup Γ ⊂ Sp(g, R) is neat if all elements of Γ are torsion free. It is known that if n ≥ 3 then Γ g (n) is a neat arithmetic subgroup of Sp(g, Q). The Siegel space H g of degree g is a complex manifold defined to be the set of all symmetric matrices over C of degree g whose imaginary parts are positive defined. The action of Sp(g, R) on H g is defined as
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It is known that the simple real Lie group Sp(g, R) acts on H g transitively. A Siegel variety is defined to be A g,Γ := Γ\H g , where Γ is an arithmetic subgroup of Sp(g, Q).
• A Siegel variety A g,Γ is a normal quasi-project variety.
• Any neat arithmetic subgroup Γ of Sp(g, Q) acts freely on the Siegel Space H g , then the induced A g,Γ is a regular quasi-projective complex variety of dimension g(g + 1)/2.
• A Siegel variety of degree g with level n is defined to be A g,n := Γ g (n)\H g . Thus, the Siegel varieties A g,n (n ≥ 3) are quasi-projective complex manifolds.
Hodge bundles on Siegel varieties
Let Γ be a neat arithmetic subgroup of Sp(g, Q). Let V Q be the fixed rational symplectic vector space as in the introduction of notations.
The Siegel space H g can be realized as a period domain parameterizing weight one polarized Hodge structures :
Proposition (Borel's embedding cf. [Sat] & [Del73] ). Define
The map ι : H g ∼ = − − → S g τ → F 1 τ identifies the Siegel space H g with the period domain S g , where F 1 τ := the subspace of V C spanned by the column vectors of τ I g . Moreover, the map h is biholomorphic.
There is a natural variation of Hodge structures on the Siegel space H g :
Corollary (Cf. [Del79] ). Gluing Hodge structures on H g altogether, the local system V := V Q ×H g admits a homogenous variation of polarized rational Hodge structures of weight one on H g .
Let o be an arbitrary fixed base point in A g,Γ . Since H g is simply connected, the fundamental group of A g,Γ has π 1 (A g,Γ , o) ∼ = Γ. Then, there is a natural local system V g,Γ := V Q × Γ H g on A g,Γ given by the fundamental representation ρ : π 1 (A g,Γ , o) → GSp(V, ψ)(Q). Actually the Q-local system V g,Γ admits a variation of polarized rational Hodge structures of weight one on A g,Γ := Γ\H g by using the arguments in Section 4 of [Zuc81] . More precisely, in our previous paper (cf Proposition 1.8 in Section 1 of [YZ11] ) we obtain : 1. The local system V g,Γ admits a variation of polarized rational Hodge structures on A Γ , and the associated period map attached to this PVHS is
2. Let A g,Γ be an arbitrary smooth compactification of A g,Γ with simple normal crossing divisor
Around the boundary divisor D ∞ , all local monodromies of any rational PVHS V on A g,Γ are unipotent. Now, we fix this rational PVHS V g,Γ throughout this paper.
1.1. Construction of Hodge bundles on Siegel varieties. Most materials in this subsection are taken from [Sch73] , [Sim90] and [Zuo00] . We note that H := V g,Γ ⊗ C is a flat complex vector bundle on the A g,Γ with a flat connection D. There is a filtration of C ∞ vector bundles over A g,Γ 0 = F 2 ⊂ F 1 ⊂ F 0 = H, whose fibers at each point τ ∈ A g,Γ gives a Hodge filtration isomorphic to F • τ := (0 ⊂ F 1 τ ⊂ V C ). The vector bundle H admits a positive Hermitian metric H induced by the polarization ψ of the Hodge structures as follows:
where each C τ is the Weil operator on the F • τ . We usually call this metric H the Hodge metric on H. Let H p,q := F p ∩ F q . The smooth decomposition H = H p,q is orthogonal with respect to the Hodge metric H. . It is known that all subbundles F p 's admit the holomorphic structure D 0,1 naturally, so that we have the corresponding holomorphic subbundles F p . Moreover, we have the Griffiths transversality :
We have :
One can find these two equalities in [Sim88] & [Sim90] . Here we give a direct proof.
The morphism θ is naturally holomorphic by the definition,so that the first equality is automatically true. Now, we begin to prove the second equality.
It is sufficient to prove the equality at an arbitrary point p. Let (U, p) be a local coordinate neighborhood of p. Let {e α } be a local holomorphic basis of E. We then get a local holomorphic basis {e α } of E ∨ | U := Hom(E| U , O U ) as follows : For each α, let e α be the dual of e α , i.e.,
We call the local holomorphic basis {e α } of
its local holomorphic dual basis. Locally, we can write
where
β e α ⊗ e β and
Form the first equality in the lemma, we get
's for all j are covariant partial derivations of the tensor A i , and so we obtain
On the other hand, we compute that
where B i, ;j 's for all j are covariant partial derivations of the tensor B i . It is well-known that one can contract the neighborhood (U, p) sufficiently small to get a special holomorphic local basis {e α } of E over U such that H(p) = Id, dH(p) = 0 under the frame {e α }. Then, at the point p, We have :
Thus ∂θ * h = 0 at the point p. Corollary 1.2. Let (E, H) be Hermitian vector bundle in 1.0.7. We have :
It is known the flat connection D on H has the following decomposition
Since D 2 = 0, we can finish the proof by the lemma 1.1.
Attached to the PVHS V g,Γ , we finally obtain the associated Hodge bundle (E, θ, H) on A g,Γ , i.e., a holomorphic system
with a Hermitian metric H satisfying the following properties :
• E p,q are orthogonal to each other under the metric H;
The dual local system V ∨ g,Γ = V ∨ Q × Γ H g admits a polarized rational VHS of weight −1 on A g,Γ , its associated Hodge bundles is (E ∨ = p+q=1 E ∨−p,−q , θ ∨ ) with
Similarly, the local system End(V) := End(V Q ) × Γ H g admits a polarized rational VHS of weight 0 on A g,Γ , its associated Hodge bundle is (End(E), θ end ) with
and the Higgs field θ end :
given by
We notes that End(E) has a holomorphic subbundle
We still use H to denote the induced Hermitian metric on E ∨ and End(E). Throughout this section, we now fix the Hermitian bundles (E, H), (End(E), H), and (E pq , H)'s, (End(E) p,q , H)'s.
1.2. Degeneration of canonical metrics on Siegel varieties. Let A g,Γ be a smooth compactification of A g,Γ such that the divisor D ∞ = A g,Γ \A g,Γ is simple normal crossing. Since any local monodromy of V g,Γ around D ∞ is unipotent, the Hodge bundle (E, θ) has a Deligne's canonical extension (E = ⊕E p,q , θ = ⊕θ p,q ) with θ p,q :
Define the restriction map ρ 0 := ρ| A g,Γ .
Lemma 1.3. The holomorphic tangent bundle T A g,Γ of A g,Γ is a holomorphic subbundle of (E 0,1 ) ⊗2 . Moreover, the morphism ρ 0 : T A g,Γ − − → (E 0,1 ) ⊗2 is an inclusion of vector bundles.
Proof. We known that the vector bundles
are all Sp(g, R)-homogenous, and the morphism θ 1,0 :
is a Sp(g, R)-equivariant morphism. Thus, the morphism ρ 0 : T A g,Γ − − → (E 0,1 ) ⊗2 is Sp(g, R)-equivariant. We verify the inclusion at the base point o ∈ A g,Γ : At point o, we have We now introduce an induced Sp(g, R)-invariant positive Hermitian metric H(Hodge metric) on A g,Γ by the following inclusion
Let {l 1 , · · · , l m } be a holomorphic basis of T A g,Γ on a local neighborhood (U, z) of A g,Γ , and {φ 1 , · · · , φ m } be the dual holomorphic basis of Ω 1
Since ρ 0 can be linearly extended to a morphism of sheaves of C ∞ germs as well as θ does, we then obtain a metric H on A g,Γ . The Kähler form of H on U can be written locally as
Theorem 1.4. Let Γ be a neat arithmetic subgroup of Sp(g, Z). The induced Hodge metric H on the Siegel variety A g,Γ = Γ\H g is same as the canonical Bergman metric. Moreover,the Chern connection of (T A g,Γ , H) is compatible with the Levi-Civita connection of the Riemannian manifold (A g,Γ , H).
Proof. Notation as in the proof of the lemma 1.1. Since the Hodge metric H on A g,Γ is Sp(g, R)-invariant and Sp(g, R) is a simple group, it is sufficient to show that H is Kähler.
Let p be an arbitrary point on A g,Γ . Let U be a suitable neighborhood of p such that we can choose a local holomorphic coordinates (z 1 , · · · , z m ) satisfying
Let {e α } be a local holomorphic basis of E and {e α } the local dual holomorphic basis of E ∨ . All calculation below are locally over U.
β e α ⊗ e β ∈ End(E). The Kähler form is then
Thus, we have that
where ∇ H is the chern connection on (End(E), H). For each i = 1, · · · , m, We have :
Since ∂(θ) = 0 by the corollary 1.2, we have
Contract the neighborhood (U, p) sufficiently small, we can choose a special holomorphic basis {e α } of E over U such that H(p) = Id, dH(p) = 0 under the frame {e α }. At the point p, we calculate
The rest is obvious.
We still use H to represent the dual metric of Ω 1
, H)) as the Chern curvature form of the vector bundle T A g,Γ (resp. Ω 1
. As the canonical Bergman metric on A g,Γ is Kähler-Einstein, there is
Trace H (Θ(T A g,Γ , H)) = −λω H , where λ is a positive constant. Without lost of generality, we always assume λ = 1 for convenience. Theorem 1.5. Let Γ be a neat arithmetic subgroup of Sp(g, Z). Let A g,Γ be an arbitrary smooth compactification(not necessary smooth toroidal compactification) of the Siegel variety A g,Γ := Γ\H g such that D ∞ = A g,Γ \ A g,Γ is a simple normal crossing divisor. We have :
1. The canonical Bergman metric H can of A g,Γ has logarithmic degeneration along the boundary divisor D ∞ in sense of the following description :
Let ω can be the Kähler form of the canonical Bergman metric H can . There holds 3. There is an equality c 1 (Ω 1
Before proving the theorem 1.5, we review the theory of degeneration of Hodge metrics on any polarized variation of Hodge structures over a quasi Kähler manifold.
Let X be an open Kähler manifold of complex dimension m. Let X be one smooth compactification of X such that the boundary D := X − X is a simple normal crossing divisor. Let j : X ⊂ − − → X be the open embedding. Let V be an arbitrary polarized variation of real Hodge structures over X such that all monodromies around D are unipotent. Denote by V = V ⊗ O X . Consequently, we have a Hodge filtration
corresponding to the VHS V, where w is the weight of the VHS V. Let (△ 1 , z) ⊂ X be a special coordinate neighborhood, i.e., a coordinate neighborhood isomorphic to the polycylinder ∆ m (∆ := {z ∈ C | |z| ≤ 1}) such that
We then have
For any real number 0 < ε < 1, let △ ε be a scaling neighborhood of X, i.e.,
Let γ α be a local monodromy around z α = 0 in △ 1 for α = 1, · · · l. Denote by
gives a single-valued basis of V. Deligne's canonical extension V of V to △ 1 is generated by ( v · ) (cf. [Sch73] ). The construction of V is independent of the choice of z ′ i s and (v · ). For any holomorphic subbundle N of V, Deligne's extension of N is defined to be N := V ∩ j * N . Then, we have extension of the filtration
which is also a filtration of locally free sheaves. Let N be a linear combination of N α . Then N defines a weight flat filtration
We can choose a multivalued flat multigrading
Let h be the Hodge metric on the PVHS V. In a special coordinate neighborhood △ 1 , let v be a nonzero local multivalued flat section of
a local single-valued section of V. There holds a norm estimate (Theorem 5.21 in [CKS86] )
on the region
for some small ε > 0, where C ′′′ is a positive constant dependent on the ordering of {N 1 , N 2 , · · · , N l } and ε. Since the number of the ordering of {N 1 , · · · , N l } is finite, for any flat multivalued local section v of V there exist positive constants C ′′ (ε) and M ′′ such that
Moreover,since the dual V ∨ is also a polarized real variation of Hodge structures, we then have that for any flat multivalued local section v of V there holds 
Let V be a polarized real VHS on X such that all local monodromies of V around the simple normal crossing boundary divisor are unipotent, and h the Hodge metric on V = V ⊗ O X . Let N be an arbitrary holomorphic subbundle of V and N its Deligne's extension.
We have
where ∆ ε is a scaling neighborhood of X for a sufficient small ε > 0.
Proof. Let (v · ) be a local flat multivalued basis of V over △ 1 ∩ X, and so we have a local basis ( v · )(z) = exp(
According to the estimate 1.5.2, there are positive constants C, M such that
in a suitable neighborhood △ ε . One can use Proposition 1.3 in [Mum77] to finish the proof.
Proof of the theorem 1.5. 1. 2. By the lemma 1.3 and the theorem 1.4, we can realize the holomorphic tangent bundle T A g,Γ as a holomorphic subbundle of an Hodge bundle given by some PVHS, and The induced Hodge metric H on the Siegel variety A g,Γ = Γ\H g is same as the canonical Bergman metric. We then finish the first statement by using the estimate 1.5.1. 3. By the statement (1), we have
and so the form ω can on A g,Γ defines a current [ω can ] on A g,Γ as follows :
where φ is a smooth (2 dim(A g,Γ ) − 2) form on A g,Γ .
We begin to show that
On the other hand, we have that (log D ∞ )), we only need to show the following equality
Let η be an arbitrary closed smooth (2 dim(A g,Γ ) − 2)-form on A g,Γ . Let H be an arbitrary Hermitian metric on the bundle Ω 1
, H), and
Thus, it is sufficient to show that
We note that ζ := ∂ log det H can − ∂ log det H is a global (1, 0)-form on A g,Γ , we then get
Using 
Since ω A g,Γ (D ∞ ) is a numerically effective line bundle on A g,Γ , we obtain that ω A g,Γ (D ∞ ) is a big line bundle by Siu's numerical criterion in [Siu93] .
Remark. We should point out that the statement (4) is proven in [Mum77] by using some calculations depending on a smooth toroidal compactification A g,Γ . Actually, the statement (4) can also be proven by Siu-Yau's result on compactification (cf.Lemma 6 in [SY82] ) or by Zuo's result on positivity (cf.Theorem 0.1 in [Zuo00] ).
Here is an interesting application of the estimates 1.5.1, 1.5.2 and the proposition 1.6 : Deligne's canonical extension of the bundle L to A tor g,Γ coincides with the Mumford good extension(cf.
We have the following identifications
and
Proof. We know that there is an inclusion
Since the Higgs field has the property θ ∧ θ = 0, the holomorphic subbundle Sym 2 (E 0,1 ) of (E 0,1 ) ⊗2 must contain the bundle
The holomorphic vector bundle Sym 2 (E 0,1 ) on A Proof. Let E be Deligne's canonical extension of the Hodge bundle (E ⊗2 , H), and E 0,1 be Deligne's canonical extension of E 0,1 . By the lemma 1.3 and the lemma 1.8, the logarithmic tangent bundle T A Let G be an arbitrary subbundle of E and H an arbitrary Hermitian metric on G. Let G 0 := G| A g,Γ . We know G is just Deligne canonical extension of G 0 . The degree of G with respect to the Bergman current is defined as
Let η := ω dim A g,Γ −1 . Similar calculation as (3) of the theorem 1.5, we have that
Since the canonical Bergman metric is Kähler-Einstein, this essential property implies that the logarithmic tangent bundle T A On the other hand, A g,Γ is simple, then we obtain that the logarithmic tangent bundle T A 
General type for Siegel varieties A g,l
All definitions and notations related to toroidal compactifications of Siegel varieties can be found in [AMRT] , [Chai] , [FC] and [YZ11] . We do not recite these definitions and notations in this section again, and use them freely.
Let F 0 be the standard minimal cusp of the Siegel space H g . Let Σ F 0 := {σ F 0 α } be a suitable GL(g, Z)-admissible polyhedral decomposition of C(F 0 ) regular with respect to Sp(g, Z) such that the induced symmetric Sp(g, Z)-admissible family {Σ F } F of polyhedral decompositions is projective.
For any positive integer l, let A g,l to be the symmetric toroidal compactification of the Siegel variety A g,l := Γ g (l)\H g constructed by {Σ F } F , and let
the boundary divisor. For convenience, we write A g for A g,1 .
2.1. Structures of morphisms λ n,m : A g,n → A g,m for all m|n. For any positive integer l, we sketch a key-step in the construction of the symmetric compactification A g,l as follows :
Let F be an arbitrary cusp of depth k. L F (l) := Γ(l)∩U F (Q) is a full lattice in the vector space U F (C), and its dual is M F (l) := Hom Z (L F (l), Z). Explicitly, let {ζ α } k(k+1)/2 1 be a lattice basis of
is a lattice basis of L F (l), and
is the dual basis of M F (l).
For any cone σ ∈ Σ F , we get a toroidal variety X σ (l) := SpecC[σ ∨ ∩ M F (l)]; we then have ∆ F,σ (l):= the interior of the closure of
where T F (l) := SpecC[M F (l)] is a torus; gluing all ∆ F,σ (l) as σ runs through Σ F , we obtain an analytic variety Z 
Let n, m be two positive integers with m|n. We are going to construct a natural morphism λ n,m : A g,n → A g,m . Given a cusp F and a cone σ ∈ Σ F , the inclusion of the algebras
Therefore, we have an analytic surjective morphism
, and so we obtain a morphism λ
is a normal subgroup of Γ g (m), the morphism λ ′ F reduces to the morphism
It can be verified straightforwardly that λ F 's are compatible with the morphisms Π F 1 ,F 2 's and the action of Γ. Therefore, we have a global morphism λ n,m : A g,n → A g,m .
Let σ be an arbitrary topo-dimensional cone in Σ F 0 . Consider the inclusion
). Then, the compactification A g,n is a normalization of the morphism A g,n → A g,m and so the morphism A g,n → A g,m factors through the morphism λ n,m : A g,n → A g,m (cf. [FC] ). Thus, we obtain the following commutative diagram of morphisms
A g,1 .
Lemma 2.1. Let n, m ≥ 1 be two positive integers with m|n. Let Σ F 0 := {σ F 0 α } be a Γ F 0 (or GL(g, Z))-admissible polyhedral decomposition of C(F 0 ) regular with respect to Sp(g, Z).
Let A g,n (resp. A g,m ) be the symmetric toroidal compactification of A g,n (resp. A g,m ) constructed by Σ F 0 . The morphism λ n,m : A g,n → A g,m has the following property:
where D ∞,m := A g,m \ A g,m and D ∞,n := A g,n \ A g,n .
Proof. By the construction of boundary divisors of Siegel varieties from edges of the fan Σ F 0 in Theorem 2.22 of [YZ11] , to study the relation between D ∞,m and D ∞,n is sufficient to study the morphism λ
We can choose a basis {ζ α }
is of the following type
2.2. Siegel modular forms. Some materials related to the Satake-Baily-Borel compactification of a Siegel variety are taken from [BB66] . We set
A boundary component of the Siegel space S g = S(V, ψ) is a subset in ∂S g given by
A boundary component F(W ) of the Siegel space S g is rational(i.e., F(W ) is a cusp) if and only if W = W Q ⊗ R, where W Q is an isotropic subspace of (V Q , ψ). Define H * g := cusp F F. The set H * g is stable under the action of Sp(g, Q). Actually, the set H * g is a disjoint union of locally closed Sp(g, Q)-orbits
O g , and each orbit O r is a set of disjoint union rational boundary components with same rank, i.e.,
In particular, O g = F({0}) = H g . Let Γ be an arbitrary arithmetic subgroup of Sp(g, Q). Let A * g,Γ := Γ\H * g be the Satake-Baily-Borel compactification of A g,Γ . It is known that the analytic variety A * g,Γ has an algebraic structure as a normal projective complex variety. Let l be an arbitrary positive integer. It is known that there is F(W ) ∼ = H g−r for any cusp with dim R W = r. Therefore, the quotient Γ g (l)\O g−r is a disjoint union of [Sp(g, Z) : Γ g (l)] locally closed subsets, and each disjoint component of Γ g (l)\O r is canonically isomorphic to the Siegel variety A g−r,l . The Satake-Baily-Borel compactification A * g,l of the Siegel variety A g,l is
In particular, we have A * g = A g
The construction of Satake-Baily-Borel compactifications shows there is a natural morphism
for any two positive integers m, n with m|n.
Definition 2.2 (Cf. [Fre] ). Let k ≥ 1, n ≥ 1, g ≥ 2 be integers. A complex-valued function on H g is called a Siegel modular form of weight k, degree g and level n if the following conditions are satisfied:
Denote by M k (Γ g (n)) := {Siegel modular forms of weight k, degree g and level n}.
Recall some important properties of Siegel modular forms (Cf. [Fre] 
. The Siegel modular form f has an expansion of the form
where c(A) are constant coefficients. The series 2.2.1 converges absolutely on H g and uniformly on each subset of H g of the form
In particular, f is bounded on each subsets. All coefficients c(A) for 2A ∈ Sym g (Z) and A ≥ 0 satisfy Let W g be the one dimension isotropic real subspace of V R generated by e g . F τ ′ ,∞ is actually in the cusp F(W g ). The properties 2.2.1 and 2.2.2 guarantee that any modular f ∈ M k (Γ g (n)) can extend to be a holomorphic function on
we then have
Therefore, for g ≥ 2 we can define the Siegel operators
is a set of all Siegel cusp forms of weight k, degree g and level n.
The Siegel space H g has a global holomorphic coordinate system τ. Define a standard Euclidean form dV on H g to be dV τ := 1≤i≤j≤g dτ ij for τ = (τ ij ) 1≤i,j≤g ∈ H g . There is
Let ω Hg be the canonical line bundle on
there is an associated smooth positive (
) be a modular form. With respect to the correspondence
the following two conditions are equivalent:
Proof. Let W g be the one dimension isotropic real subspace of V R generated by e g . "(a) ⇔ (b)": We only show the case of n = 1, the others are similar. Suppose f is a cusp form. Then, f vanishes on the cusp F(W g ), and so f vanishes on any cusp F with F(W g ) ≺ F. Since ϕ f is a Γ g -invariant form, ϕ vanishes on all proper cusps of H g . The converse part is obvious.
Assume that n ≥ 3. We begin to show that "(a) ⇔ (c)": We note that Ag,n dV B < ∞ where
is the volume form of the Γ g -invariant Bergman metric on H g .
• Suppose f is a cusp form. Then,
• Suppose f is not a cusp. Then, there is a τ
Proposition 2.4. Let n ≥ 3, k ≥ 1, g ≥ 2 be integers. Let A g,n be an arbitrary projective smooth toroidal compactification of A g,n with simple normal crossing boundary divisor D ∞,n := A g,n \ A g,n .
Then, we have :
where ω A g,n is the canonical line bundle on A g,n and ω Ag,n is the canonical line bundle on A g,n .
Proof. With [AMRT] , Mumford shows in [Mum77] that the canonical line bundle ω Ag,n extends to an ample line bundle L g,n on A * g,n and that the canonical morphism π g,n :
• By the lemma 2.3 and the lemma 2.6, we have
Shown in Theorem 2.1 of [Sak77] , there holds
Remarks. Consider the short sequence
) is a cusp form if and only if s| D∞,n = 0. Certainly, this result can also obtained by regarding the projective smooth toroidal compactification A g,n as the normalization of the blowing-up of A * g,n along the ideal sheaf J supported on the subscheme A * g,n \ A g,n (cf. Chap IV [AMRT] ). b) Since the line bundle ω A g,n (D ∞,n ) is big, there is a finite positive number N 0 such that
for any integer k ≥ N 0 .
2.3.
A Criterion on varieties of general type. Let X be a complex manifold which is a Zariski open set of a compact complex manifold X such that such that the boundary D := X −X is divisor with at most simple normal crossing.Let L be a holomorphic line bundle on X. For any positive integer m, let Φ mL be a meromorphic map define by a basis of H 0 (X, mL). The L-dimension of X is defined to be
X is said to be of general type(resp. logarithmic general type) if κ(X)(resp. κ(X)) equals to dim X. All definitions above are independent of the choice of smooth compactification of X(cf. [Iitaka77] ). By the theorem 1.5, we have :
Corollary 2.5 (Mumford cf. [Mum77] ). Let g ≥ 1, n ≥ 3 be two integers. The Siegel variety A g,n is of logarithmic general type.
In this subsection, we study that how to use the method of cyclic covering to get a variety of general-type from a variety of logarithmic general type.
Lemma 2.6. Let (X, D) be a compact complex manifold with a simple normal crossing divisor D. Let m, l be two arbitrary positive integers, we then have an isomorphism (2.6.1) H 0 (X, O X (mK X + lD)) ∼ = m-ple n-form on X with at most l-ple poles along D .
Proof. We have a system of coordinates charts {(U α , (z α 1 , · · · , z α n ))} α on X satisfying X = α U α . Let σ be a holomorphic section of O X (D) defining D. We can write σ = {σ α } α such that (σ α ) = D ∩ U α with the rule σ α = δ αβ σ β ∀α, β, where every δ αβ is a transition function of the line bundle O X (D).
Let ϕ ∈ H 0 (X, O(mK X + lD) be a global holomorphic section. We write ϕ = {ϕ α } α such that
where every k αβ = det(
) is a transition function of the canonical line bundle O X (K X ). Then, we obtain the corresponding m-ple n-form ω = {ω α } α on X as follows:
Conversely, let ω be a m-ple n-form on X with at most l-ple poles along D.
, we have
where every s i in an positive integer with s i ≤ l. Then, we can write ω = {ω α } α where 
ii. γ * D is a simple normal crossing divisor.
Theorem 2.8. Let X be a complex non-singular quasi-projective variety of logarithmic general type. There is a nonsingular quasi-projective variety Y of general type with a finite surjective morphism f : Y → X.
Proof. Let n = dim C X. Let X be a projective smooth compactification of X with a simple normal crossing boundary divisor B. Since κ(Y ) := κ(K X + B, X) = n, it is shown by Sakai in Proposition 2.2 of [Sak77] that for some integer N > 0 there are meromorphic differentials
such that {η i /η 0 , · · · , η n /η 0 } is a transcendence base of the function field C(X).
Let d be an integer more than N. We use Kawamata's covering trick by setting d = N 1 = N 2 = · · · in the lemma 2.7 to get a projective manifold Y d and a finite surjective morphism f :
We begin to show that Y d is of general type. For any p ∈ Y d , we choose a local system of regular coordinates (z 1 , · · · , z n ) in the polycylindrical neighborhood
, we choose a local system of regular coordinates (w 1 , · · · , w n ) in the polycylindrical neighborhood W q := {|w 1 | ≤ r q , · · · , |w n | ≤ r q } of q such that if q ∈ B then the equation w 1 · · · w t = 0 defines B around q.
By definition, we have (f ) −1 (B) ⊂ D d and f * w i = j z n ij j ǫ i with n ij ≥ 0, where ǫ i is an unit around p. Thus we have f * dw i
we can write
where g(w) is a holomorphic function on W q and s 1 , · · · , s t are integers in [0, N − 1]. Around the point q, we then have
where h(w) is a holomorphic function on W q . Since f * (B) = dD d , we get that
where ε is a unit around p, and we get that Corollary 2.9 (Mumford-Tai's Theorem cf. Chap. IV. [AMRT] and [Mum77] ). Let g ≥ 1, l ≥ 3 be two integers. There is a positive integer N (g, l) such that the Siegel variety A g,kl is of general type for any integer k > N (g, l). Now we describe a relation between the existence of nontrivial cusp forms and the type of manifolds : The existence of a nontrivial Siegel cusp form implies the general type of Siegel varieties with certain level structure. Actually, the spaces of Siegel cusp forms supply the following effective version of Mumford-Tai's theorem : Theorem 2.10. Let l be an arbitrary positive integer and let g ≥ 2 be an integer. If
is a finite number then the Siegel variety A g,N l is of general type for any integer N ≥ max{ (i) A 2,n for g = 2 and n ≥ 10, (ii) A 3,n for g = 3 and n ≥ 9, (iii) A 4,n for g = 4 and n ≥ 8.
• Case g = 2 : Igusa shows in [Igu64] that there is a cusp form χ 10,2 of weight 10 with development
which vanishes along the "diagonal" z = 0 with multiplicity 2. So the zero divisor of χ 10,2 in A 2 is the divisor of abelian surfaces that are products of elliptic curves with multiplicity 2. Thus, there is a cusp form ϑ 2 := χ 3 10,2 ∈ S 10(2+1) (Γ 2 ).
• Case g = 3 : Tsuyumine shows in [Tsu86] that the ring of classical modular forms
is generated by 34 elements, and there is a cusp form χ 18,3 of weight 18, namely the product of the 36 even theta constants θ[ǫ]. The zero divisor of χ 18,3 on A 3 is the closure of the hyperelliptic locus. Thus, there is a cusp form ϑ 3 := χ 2 18,3 ∈ S 9(3+1) (Γ 3 ).
• Case g = 4 : Igusa shows in [Igu81] on A 4 is the closure of the locus of Jacobians of Riemann surfaces of genus 4 in A 4 (cf. [Igu81] and [Poo96] ). Thus, there is a cusp form ϑ 4 := χ 5 8,4 ∈ S 8(4+1) (Γ 4 ). However these examples for low genus Siegel varieties of general type are not optimal. Actually, one has general type for g = 2, n ≥ 4; g = 3, n ≥ 3; g = 4, 5, 6, n ≥ 2; g ≥ 7, n ≥ 1. The case A 6,1 is still open, all other cases of low genus Siegel varieties are known to be rational or unirational. Except for the case A 6,1 , Hulek has completed the problem of general type for low genus Siegel varieties(cf.Theorem 1.1 [Hul00] ).
In Section 3 of [YZ11] , we show that there are some restricted conditions to get a projective smooth toroidal compactification of a Siegel variety with normal crossing boundary divisor. To prove the theorem 2.10, we need a projective smooth compactification of a Siegel variety with normal crossing boundary divisor. For further studies on non locally symmetric varieties, we prefer the following consequence of Hironaka's Main theorem II to directly refining cone decomposition in smooth toroidal compactifications.
Theorem 2.12 (Hironaka cf. [Hir63] ). Let C be reduced divisor on a nonsingular variety W over a field k of characteristic zero. There exists a sequence of monoidal transformations Proof of Theorem 2.10. We fix a Γ F 0 (or GL(g, Z))-admissible polyhedral decomposition Σ F 0 of C(F 0 ) regular with respect to Sp(g, Z) such that the induced symmetric Sp(g, Z)-admissible family {Σ F } F of polyhedral decompositions is projective.
Let N ≥ max{ The components of the boundary divisor D ∞,n = A g,n \ A g,n may have self-intersections. However, Hironaka's results on resolution of singularities show that there exists a smooth compactification A g,n of A g,n and a proper birational morphism (2.12.1) ν n : A g,n − − → A g,n such that • D ∞,n = ν * (D ∞,n ) red is a simple normal crossing divisor, A g,n − D ∞,n = A g,n , and the restricted morphism ν n | Ag,n is the identity morphism; (Here E red is the exceptional divisor of ν n ). Then we get :
Let k 0 := N (g, l) and let f ∈ S k 0 (g+1) (Γ g (l)) be a non trivial cusp form. Let θ f := f (dV) ⊗k ∈ Γ(A g,n , ω ⊗k Ag ) where dV is the standard Euclidean form on the Siegel space H g . By the lemma 2.3, we have Ag,n (θ f ∧ θ f ) 1/k < ∞. Theorem 2.1 in [Sak77] says that θ f defines a k-ple Let D g be the Zariski closure in A g,n of the zero divisor of f on A g,n , and let m f be the vanishing order of f at the cusp F(W g ), where W g is the one dimensional isotropic real subspace of V R generated by the vector e g . Since A g,n can be regarded as the normalization of the blowingup of A * g,n along the ideal sheaf J supported on the subscheme A * g,n \ A g,n ,, we have div Since D ∞,n , (E − E red ) and D g are all effective divisors on A g,n , we have that Therefore ω Ag,n becomes a big line bundle on A g,n by the corollary 2.5.
There is extensive work on the relationship between the existence of special modular forms and the geometry of moduli spaces of abelian varieties. The principal of using the existence of low weight cusp forms to study the Kodaira dimension of moduli spaces of polarized abelian varieties is first used in [GS96] and [Grit95] , our theorem 2.10 provides a different version of this principal. The principal is also efficient for studying moduli spaces of K3 surfaces and moduli spaces of irreducible symplectic manifolds(cf. [Kon93] & [GHS11] ); Gritsenko,Hulek and Sankaran have proven that the moduli spaces of polarized K3 surfaces are general type(cf. [GHS07] ).
